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Let's play !

Game of cRAM: Two players successively place dominos on the
board, the last player who is able to place a domino wins the
game.
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Let's play !

Game of cCRAM: Two players successively place dominos on the
board, the last player who is able to place a domino wins the
game.

= Second player wins.
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Let's play !

Game of cCRAM: Two players successively place dominos on the
board, the last player who is able to place a domino wins the
game.

= First player wins.
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The game graph
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... plus the symmetries !
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We suppose that both players play perfectly.
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» |f the first player has a winning strategy, whatever the second
player does, then the game is an AN/-position.
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N and P

We suppose that both players play perfectly.
» |f the first player has a winning strategy, whatever the second
player does, then the game is an AN/-position.

» |If the second player has a winning strategy, whatever the first
player does, then the game is a P-position.
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N and P

We suppose that both players play perfectly.

» |f the first player has a winning strategy, whatever the second
player does, then the game is an AN/-position.

» If the second player has a winning strategy, whatever the first
player does, then the game is a P-position.
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= How to determine if a game is an \ or a P-position ?
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Using the game graph
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Using the game graph
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Octal Games

Playing cRAM-like games on a row:

7/23



Octal Games

Playing cRAM-like games on a row:

7/23



Octal Games

Playing cRAM-like games on a row:

7/23



Octal Games

Playing cRAM-like games on a row:

7/23



Octal Games

Playing cRAM-like games on a row:

Notation: 0.uius...up...

7/23



Octal Games

Playing cRAM-like games on a row:

Notation: 0.uius...up...

» A domino of size i can be played iff u; # 0

7/23



Octal Games

Playing cRAM-like games on a row:

Notation: 0.uius...up...

» A domino of size i can be played iff u; # 0

» A domino of size i can be played in a certain way
depending on the value of u; (for 1 < u; <7)

7/23



Octal Games

Playing cRAM-like games on a row:

Notation: 0.uius...up...

» A domino of size i can be played iff u; # 0

» A domino of size i can be played in a certain way
depending on the value of u; (for 1 < u; <7)

» CRAM is 0.07

7/23



Octal Games

Playing cRAM-like games on a row:

Notation: 0.uius...up...

» A domino of size i can be played iff u; # 0

» A domino of size i can be played in a certain way
depending on the value of u; (for 1 < u; <7)

» CRAM is 0.07
» The game up here could be 0.471

7/23



Studying Octal Games

Definition
The sequence of an octal game is the string 0g0;...0,... where o; is
the outcome of the game on a line of size /.
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Studying Octal Games

Definition

The sequence of an octal game is the string 0g0;...0,... where o; is

the outcome of the game on a line of size i.
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Summing Games

Disjunctive sum

When playing on G + H, a player has to play either on G or on H.
The winner is the last one able to play.
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Summing Games

Disjunctive sum
When playing on G + H, a player has to play either on G or on H.
The winner is the last one able to play.

Proposition
If G is a P-position, then, for every game H, G + H has the same
outcome than H.
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Summing A -positions

Equivalence
G = H iff G + H is a P-position.
» Equivalence classes for games, mapped to the positive integers
(for N-positions) and 0 (for P-positions)
» Direct computation of the sum is possible: XOR operator
» Nim-sequence of an octal game: the sequence of its values.
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Summing N -positions

Equivalence
G = H iff G + H is a P-position.
» Equivalence classes for games, mapped to the positive integers
(for N-positions) and 0 (for P-positions)
» Direct computation of the sum is possible: XOR operator
» Nim-sequence of an octal game: the sequence of its values.

0O|1|2|3|4|5|6|7|8|9]10
111]2 31111 3
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Octal Games on Graphs

A chain is similar to a row...

11/23



Octal Games on Graphs

A chain is similar to a row...

11/23



Octal Games on Graphs

A chain is similar to a row...

11/23



Octal Games on Graphs

A chain is similar to a row...

11/23



Octal Games on Graphs

A chain is similar to a row...

11/23



Octal Games on Graphs

A chain is similar to a row...

Notation: O.uqus...u,...

» | vertices can be removed from the graph iff u; £ 0

11/23



Octal Games on Graphs

A chain is similar to a row...

Notation: O.uqus...u,...

» | vertices can be removed from the graph iff u; £ 0

> j vertices can be removed in a certain way depending on the

value of uj (for 1 < u; <7)

11/23



Octal Games on Graphs

A chain is similar to a row...

Notation: O.uqus...u,...

» | vertices can be removed from the graph iff u; £ 0

> j vertices can be removed in a certain way depending on the

value of uj (for 1 < u; <7)

» The removed vertices must induce a connected subgraph

11/23



Octal Games on Graphs

A chain is similar to a row...

Notation: O.uqus...u,...
» | vertices can be removed from the graph iff u; £ 0

> j vertices can be removed in a certain way depending on the
value of uj (for 1 < u; <7)

» The removed vertices must induce a connected subgraph

Few results, mostly on 0.07, which is called ARC-KAYLES
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Section 2

0.03 on graphs
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0.03 on trees

» Every available move remains available if it is not played
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0.03 on trees

» Every available move remains available if it is not played

» Exception : P3, in which both available moves are equivalent
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0.03 on 2 X n grids

Definition
An even (1 — 2)-grid graph is a connected induced subgraph of a
2 x n grid where each block of consecutive columns of size 1 has an

even size.
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Proposition
From a non-empty even (1,2)-grid graph, one can only play to an
even (1,2)-grid graph.
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0.03 on 2 X n grids

Definition

An even (1 — 2)-grid graph is a connected induced subgraph of a

2 x n grid where each block of consecutive columns of size 1 has an
even size.
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Proposition
From a non-empty even (1,2)-grid graph, one can only play to an
even (1,2)-grid graph.

Theorem
At the end of the game on a 2 x n grid, the grid will be empty.
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0.03 on 3 x n grids

Définition
A (1,3)-grid graph is a connected induced subgraph of a 3 x n grid,
whose columns are of size 1 or 3.
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0.03 on 3 x n grids

Définition

A (1,3)-grid graph is a connected induced subgraph of a 3 x n grid,

whose columns are of size 1 or 3. Moreover, if a column is of size
1, then its vertex is not in the middle row.
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0.03 on 3 x n grids

Lemma
One can always play from a non-empty (1, 3)-grid to a (1, 3)-grid.
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0.03 on 3 x n grids

Lemma
One can always play from a non-empty (1, 3)-grid to a (1, 3)-grid.

Lemma
For every move on an (1, 3)-grid of size > 4, there is an answer
resulting in an (1, 3)-grid.

Theorem
There is a winning strategy emptying a 3 x n grid for the game
0.03.

Conjecture
There is a winning strategy emptying an m x n grid.
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Section 3

0.33 on graphs
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0.33 on subdivided stars
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0.33 on subdivided stars
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0.33 on subdivided stars
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We prove that P = P’ by proving that P + P’ is a P-position.
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0.33 on subdivided stars

Number of chains

(o) ING A E  E * \)

Number of chains of length 2
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0.33 on subdivided bistars
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0.33 on subdivided bistars
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0.33 on subdivided bistars

Idea of the proof

One can not play in the middle chain before emptying at least one
of the two stars.
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Emergence of a pseudo-sum
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» Can we compute the value of the bistar with the values of P
and Q7
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Emergence of a pseudo-sum

9

» Can we compute the value of the bistar with the values of P

and Q7
> Yes, but it depends on n! If n =1, the pseudo-sum is defined
as such:

Glalglalaldl el
Glo|d|d|a|d|a ||
Glo|ld| ||| |a|a
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FIEIE]l B [ & |
Fleolole|ae ®
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0.33 on trees 7
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The end !

MERCI

Any questions ?
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